Abstract. In a prior work [CEMRACS10], a curvilinear bi-dimensional finite volume extension of Lagrangian centered schemes GLACE [GLACE] on unstructured cells, whose edges are parameterized by rational quadratic Bézier curves was proposed and we showed numerical results for this scheme. Now, we extend the EUCCLHYD scheme [EUCCLHYD] to these cells. To simulate flows with evolving large deformations, we write a formalism allowing the time evolution of the conic parameter. As an example, this allows an edge changing from an ellipse segment to a hyperbolic one. In this framework, we consider the case of a mesh whose edges are circle segments with non fixed centers. We show that this formalism extends also the previous work [GLACE CIRCLE] (which is equivalent to [CEMRACS10] when conic edges are all circles). This is a necessary first step toward general conical deformation. 
Introduction
The prototype system of interest is the Euler system written in flux form. The conservations of volume, density ρ, momentum ρU and total energy ρE on a generic cell C(t) write (see [DUVAUT] [EQU] [GLACE2D] [EUCCLHYD] [HDRPHMAIRE] ):
D t C(t) 1 dv − ∂C(t) U.N ds = 0, D t C(t) ρ dv = 0, D t C(t) ρU dv + ∂C(t) PN ds = 0, D t C(t) ρE dv + ∂C(t) P U.N ds = 0.
(1)
We recall that (1) is the semi-Lagrangian (or updated Lagrangian) form of Euler system, where all the spatial quantities are written with Eulerian coordinates. It corresponds to a local differential operator at point (t,x) (x Eulerian coordinate): 
Generally such systems are discretized on polygonal type cells. However, some problems involve accurate geometric description such as curved boundary of the domain itself, discretization of a circular initial condition. Of course, it exists also non-stationary problems that will certainly be better approximated if the geometry of control volumes allows non null curvature (circles for symmetries on polar radial flows, interface curve between two materials, multi-material interfaces in mixed cells, etc...). We want to extend this finite volume formalism (and then obtain higher genericity in geometric modeling) to cells with weaker hypothesis on edge representation. Generally, for cells with three or four edges, the curvilinear edges parameterization can be obtained by high order finite element such as P 2 , Q 2 for Lagrangian higher order (at least third order) hydrodynamics ; see [SHUSHEN, RIB] and also [FEV] for generical finite element method at the edges. Inside NURBS (Non Uniform Rational B-Spline) isogeometric analysis, we found that quadratic rational Bézier curves can exactly handle conic segments which include P1, Q1, P2 and Q2 edge's isoparametric representations. In particular the latter may not exactly match circles. In our case, we deal with arbitrary number of edges per cells and a fully explicit local finite volume framework. We emphasize that all our schemes do not need global matrix inversion contrary to most of above mentioned schemes. The paper is organized as follows, in the first section we recall some essential description and geometric properties of the quadratic rational Bézier curves that are used in other sections. Specially, we recall the exact flux formula in [WAGUSEDE, WAGU] used to compute the area of a cell with an arbitrary number of conic edges, we recall that the analytic formula is just a function of the weight -ω-of the associated control point, this weight ω is also a caracterization of the conic type (straight line ω = 0, ellipse 0 < ω < 1, parabola ω = 1 or hyperbola ω > 1). We show that we can obtain the same kind of formula with a point on the edge parameterized by q in ]0, 1[ instead of the control point. We then reinterpret the area in terms of nodal/control point contributions as in GLACE or EUCCLHYD formalism. In the second section, we first write the ω-EUCCLHYD scheme that extends the polygonal version [EUCCLHYD] and compare it with the ω-GLACE version [CEMRACS10] . The ω version of each scheme continuously tends to original (polygonal) ones when ω tends to 0. Secondly, we reformulate both schemes with new degrees of freedom located on the edges: (ω, q)-GLACE/EUCCLHYD schemes. In the third section, we write the time derivative of the area with a varying ω parameter. We consider the special case of circle edges whose centers move in time. We then derive the associated (ω, q = 1/2)-GLACE scheme.
Computing exact area for arbitrary conic cells
In this part, we want to obtain an exact formula for the computation of area for arbitrary polygonal curved cells with any edge number. This is of course the first step to build any finite volume method. Let X in R 2 be the position of a point inside generic cellC(t) (C = C ∪ ∂C), then
|C(t)| = C(t)
1 dv = C(t) 1 2 divX dv = 1 2 ∂C(t) X.N ds,Nunit outward normal, s curvilinear abscissa,
where by definition s verifies | d ds X| = 1 in (3). In the case where ∂C(t) can be continuously decomposed into ne edges, each one being parameterized by a curve q ∈ [0, 1] → X e (q, t) ∈ R 2 , we impose the continuity X e (1, t) = X e+1 (0, t) (cell's boundary is closed X ne (1, t) = X 1 (0, t)) and the orientation to be trigonometric. In the general case, we do not have a normal parameterization, but to get an admissible one, we must have | d dq X| = 0 everywhere on the curve. For this re-parameterization (from s to q), formula (3) then writes:
O (0, 0) We emphasize that at this level, our constraints are the following: 1) compute exactly this integral for a parametrization including straight polygonal, circular and parabolic cells as special cases. 2) obtain a formula involving the control points in an explicit analytical form to get a [GLACE] -like formalism. We now describe the parametrization that fulfills these two constraints.
Rational quadratic-Bézier parametrization
For computer graphic and applied geometry communities, it is a well known result that any conic segment can be expressed by a rational quadratic Bézier curve, which is a special kind of NURBS (Non Uniform Rational B-Spline). Curved segment of any conic section can be represented by this kind of parametrization (see Figure 2 left):
The two parameters (M 1 , ω) are the control point and its associated weight (here ω ≥ 0) for a given logical edge (M 0 , M 2 ).
We recall some properties presented in [LIGACH] , that we will use in the following sections:
(1) The control simplex (M 0 , M 1 , M 2 ) is not degenerate if and only if M 1 is not aligned to logical edge (M 0 , M 2 ). (2) Convex hull: the curved segment {M ω (q), q ∈ [0, 1]} lies inside the control simplex for ω ≥ 0. (3) Endpoints interpolation: Figure 2 . Left: Evolution of parametrization with respect to positive values of the parameter ω (all conic curves can be continuously represented ), see property (4) below. Right: Conic section representation with rational quadratic-Bézier parametrization for edges, filled region needs to be exactly computed.
Hence M ω (q) passes through M 0 and M 2 and for ω > 0 the two straight lines passing through these points respectively with directions 
(c) ω = 1 : parabolic segment. (d) ω > 1 : hyperbolic segment, and when ω → ∞ the conic segment tends to go through M 1 . (5) Shoulder point, see Figure 4 : S:=M ω (q = 1/2) is the middle point of the curved segment, it can also be computed by:
, where
The tangent line of M ω (q) at S passes through Q 0 and Q 2 and is parallel to (M 0 , M 2 ), moreover S is the point of the curve that maximizes the distance between the curve and (M 0 , M 2 ). (6) Implicit form: the implicit equation for M ω (q) = (x ω (q), y ω (q)) writes
where {λ i (x, y)} i=0,1,2 correspond to the barycentric coordinates of the point (x, y) with respect to the control simplex
. Shoulder point of rational quadratic Bézier curve (5).
Edge based formula
Computing (4) with rational quadratic Bézier parametrization, for only one segment in (5) we have:
where (x ω (q), y ω (q)) are the cartesian coordinates of the point M ω (q). This integral can be decomposed in two parts (see Figure 1 ):
(1) the area between the curve M ω (q) and the segment (M 0 , M 2 ) (see Figure 2 right). We denote
2 ) the (exact) area of the straight edges control simplex.
(2) the area of the simplex (O,M 0 ,M 2 ) with straight edges:
In [WAGU] , the author gives a way to compute it when M 0 = (0, 0) and M 2 = (x 2 , 0) so that we need to add this term to compute the integral (9), hence for arbitrary M 0 and M 2 :
We now recall the results in [WAGU] 
For each kind of conic (ω = 0 to ω → ∞), there exists a function f (ω) such that:
We recall f (ω) (see Figure 5 ) is a continuous strictly increasing function on [0, ∞[ with value in [0, 1[.
Actually, we have much more regularity (see Figure 6 ):
In the following, we will need this result to take into account deformation. 1.3. Expression of area formula with degrees of freedom based on arbitrary parameter value on edge: M ω (q)
As noticed, the control point M 1 is not located on the conical edge, it may be interesting to obtain such degree of freedom located truly on the edge. To do so, we compute the (unique) intersection point of straight line (M 1 , M ω (q)) (see definition (5)), and the straight segment [M 0 , M 2 ] (see Figure 8 ):
which is a squared convex combination of the two extremities. We note that any point M ω (q) (see 5) can be obtained:
Now, we can establish the following relation:
We then obtain a one parameter formula to re-write the simplex control area in terms of any point on the curve:
is nothing but the coefficient α(ω, q) in (16) because two out of three points are the same. Figure 7 . Left: Generic cell C j and its inclusion in the convex hull of logical polygonal with (in red dashed line) and without (in green polyline) control point (here a,b is the euclidean distance between point a and b), Right: The same cell is described by new position of degrees of freedom located on edges. (18) (19)).
We then obtain:
Remark 3.
• This will allow us to adapt the location of the degrees of freedom in the original ω−GLACE scheme, we are then able to deduce new geometrical vector C r,ω,q j .
• We recover the Shoulder point definition and classical parameters (S,K,Q 0 ,Q 1 ) in Figure 
and then
with
which can also be refound by using Thales theorem (because in this case
Nodal based formula
In this part, we express the area formula of a cell C j in terms of two different groups of degrees of freedom: (1) First, when using M r , M r+1 and the natural control point (M r+1/2 , ω r+1/2 ) (see Figure ( 7) Left), we get the following see [CEMRACS10] :
where the expression of C r,ω j and C r+1/2,ω j are described below using notation and results of (12):
Moreover, we have the following identities:
for each internal node : j C r,ω j = 0, for two adjacent cells j and k : C r+1/2,ω j
(2) Secondly, if we use (M r , M r+1 ) and an arbitrary point on the curve (
To simplify the notations, in the following, for fixed q ∈ ]0,1[:
Note that by replacing f (ω) by g(ω, q) (see 19) in (23) and (24) and N r,r+1/2 byÑ r,r+1/2 whereÑ r,r+1/2 is the vector obtained by a (
, we obtain a new formula of area expressed by edges contributions coming from endpoint nodes M r and other parameters:
) at degrees of freedom (for short: dof) for conic cells (in each case they are given by ∇ M dof |C j |). Left: degrees of freedom include control points M r+1/2 (not on the curve in general), Right: degree of freedom that can be any point on the curve M ω (q r+1/2 ).
ω−EUCCLHYD and (ω, q)− GLACE and EUCCLHYD schemes
In this section, we want to present some extensions of the conical centered schemes GLACE and EUC-CLHYD for the hydrodynamic equation (1):
ω−EUCCLHYD scheme
In this part, we present some extension of the polygonal EUCCLHYD [EUCCLHYD] scheme to curvilinear conical unstructured meshes. We take the following notations (see Figure ( 9) Left): 
(2) Moreover, we have the following identities: 
, so that for both, we also recovered classical normals of [EUCCLHYD] 
Figure 10. The four effective normals (red) N dof,ω± j per curved edge for the conical ω-EUCCLHYD scheme, see relation (30) with geometric normals (green).
If we denote M (t) the mass of cell C(t) (M (t) = C(t) ρ dv) which is constant, the semi-discrete ω-EUCCLHYD scheme on conic cells writes:
In order to compute U r and U r+1/2 and corresponding pressure p r,± j and p r+1/2,± j , we apply the same techniques as in [EUCCLHYD] for nodes and control points. The acoustic Riemann invariant is discretized: (1) for nodes r, onto N r,ω± j directions: (2) for control points r + 1/2 of edges, onto N r+1/2,ω± j directions:
Here α r j and α r+1/2 j in (34), (35) are the acoustic impedance ρ j c j (c is the sound speed c 2 = ∂P ∂ρ | S , and S the entropy) of the cell C j . To construct the solver we also enforce the following conservation conditions:
• Around internal nodes:
• Around control point of internal edges:
In this case, thanks to the relations N 
To solve (34)(36), we consider the following two by two linear systems and obtain the velocities at each node:
This system is always invertible whatever the weight value for edges impinging at node r. For control point (35)(38), we solve:
In this case, there are two situations depending on A r+1/2 :
(1) Invertible : After solving the problem for U r+1/2 in (40), the pressures p r+1/2,ω± j are computed by mean of (35).
(2) Not Invertible: it means that the problem is only one dimensional, and we first apply the one dimensional Riemann solver that gives normal speed (see also [CEMRACS10] ), let n r+1/2,ω j
To obtain a truly 2D speed for the control point, we approximate the tangential part U r+1/2 .τ 
This is also a sufficient condition to obtain Galilean invariance. In each case, once velocity is computed by (39) (resp. (40) (41) (42)), pressure p r,± j (resp. p r+1/2,± j ) in (33) is deduced using (34) (resp. (35)).
Remark 5. As for ω-GLACE scheme, when ω → 0, ω-EUCCLHYD scheme tends to the standard polygonal version [EUCCLHYD] .
Numerical Example: Sedov
In this case, we solve the Sedov problem. The initial condition is given by (ρ 0 , P 0 , U 0 ) = (1, 10 −6 , 0) and γ = 1.4. The pressure in cell C containing the origin is such that, see [HDRPHMAIRE] ,
where ε 0 = 0.244816 so that the solution consists of a diverging shock whose front is located at radius R=1 at time t=1. Moreover, the density peak reaches the value 6. For conical ω-GLACE/EUCCLHYD simulations, the initial control points are set to the middle of logical edges and all the weights are set to ω = 1. As mentioned in [CEMRACS10] , the mesh instability of the polygonal GLACE version, see Figure 12 (Left), is corrected by the conical version (Right). For the EUCCLHYD version we do not observe significant difference between polygonal and conical versions on this test case. We note that for ω-GLACE and ω-EUCCLHYD schemes, tangled cells are generally much more numerous than in their polygonal counterpart. Such default can be cured using either ALE methodology on conical cells [CEMRACS10] or an extension of the polygonal stabilization method [DESLABSTAB] . 
(ω, q)− GLACE and EUCCLHYD schemes
In this second part, we propose to extend GLACE and EUCCLHYD to the case where the degree of freedom is not the control point M r+1/2 itself but any point on the edge M ω (q r+1/2 ) see Figure ( 15). We Figure 15 . Degrees of freedom for Lagrangian (ω, q)-GLACE (Left) and (ω, q)-EUCCLHYD (Right) scheme on conic cells, the new degrees of freedom are located on the curved edge.
take the notations of (26) (28) (29), see also Figures (7) (Right) and (9) (Right).
(1) If we denote M (t) the mass of cell C(t) (M (t) = C(t) ρ dv) which is constant, the semi-discrete (ω, q)-GLACE scheme on conic cells writes:
where theC r,ω j andC r+1/2,ω j are computed in (28) and (29). In order to determine U r and U r+1/2 and the corresponding pressure p r j and p r+1/2 j , we apply the same techniques as in [GLACE] for nodes and M ω (q r+1/2 ) points. The Riemann invariant is discretized:
(a) for nodes r, ontoC r,ω j direction: (b) for M ω (q r+1/2 ) on edges, ontoC r+1/2,ω j direction: 
• Around M ω (q r+1/2 ) on internal edges:
Hence in this case, thanks to relationC r+1/2,ω k +C r+1/2,ω j = 0 (see (55)), we obtain the continuity of pressure at M ω (q r+1/2 ) point:
To solve (45)(47), we consider the following two by two linear systems and obtain the velocities at each node:
This system is always invertible whatever the weight value for edges impinging at node r.
Once the speeds are computed by (50) the pressure p r j in (44) are obtained using (45). For M ω (q r+1/2 ) point (46), we first apply the one dimensional Riemann solver that gives both normal speed and continuous pressure (see (49)):
To obtain a truly 2D speed for the M ω (q r+1/2 ) point, we approximate the tangential part U r+1/2 .τ r+1/2,ω j (withτ r+1/2,ω j .ñ r+1/2,ω j = 0), see e.g. [GODUNOV] [POSITLA]:
(2) (ω, q)-EUCCLHYD scheme. To obtain new EUCCLHYD normals, we define:
(53) (a) We have the following link betweenC r,ω j "GLACE vectors" (28) (29) 
The semi-discrete (ω, q)-EUCCLHYD scheme on conic cells writes:
(56)
In order to determine U r and U r+1/2 and the corresponding pressure p r,± j and p r+1/2,± j , we apply the same techniques as in [EUCCLHYD] for nodes and M ω (q r+1/2 ) points. The Riemann invariant is discretized:
(a) for nodes r, ontoÑ r,ω± j directions: in (57), (58) are the acoustic impedance ρ j c j (c is the sound speed c 2 = ∂P ∂ρ | S , and S the entropy) of the cell C j . To construct the solver we also enforce the following conservation conditions:
• Around internal nodes: 
In this case, thanks to the relationsÑ r+1/2,ω+ j (55)(53), we obtain:
To solve (57)(59), we consider the following two by two linear systems and obtain the velocities at each node:
This system is always invertible whatever the weight value for edges impinging at node r. For M ω (q r+1/2 ) point (58)(61), we solve:
In this case, there are two situations depending on A r+1/2 : (a) Invertible : After solving the problem for U r+1/2 in (63), the pressure p r+1/2,ω± j are computed by mean of (58). (b) Not Invertible: it means that the problem is only one dimensional, and we first apply the one dimensional Riemann solver that gives normal speed (see also [CEMRACS10] ), letñ
To obtain a truly 2D speed for the M ω (q r+1/2 ) point, we approximate the tangential part
In each case, once the speeds are computed by (62) (resp. (63) (64) (65)) the pressure p r,± j (resp. p r+1/2,± j ) in (56) are obtained using (57) (resp. (58)).
Continuous in time GCL under deformation speed
In our case, we want to extend ω−GLACE or ω−EUCCLHYD formalism, to deforming conical edges, this means that ω parameter in (5) is now an nonstationary unknown. The cell area is now a function of time dependent weights ω r+1/2 (t):
The associate time derivative of cell area writes (GCL equation):
where
the total speed acting on each edge is supposed to be an additive decomposition of displacement field and a deformation field. In the following, we want to recover (67) from (66). First, we have:
These two previous quantities are both vectorial function g(M 1 (t), .., M R (t), M 1/2 (t), .., M R+1/2 (t), ω 1/2 (t), .., ω R+1/2 (t)) of time dependent variable and then:
we can express:
Here, we have split the sums (71) in two parts: nodal contributions A R and edges contributions A E , we notice that each C r,ω(t) j , C r+1/2,ω(t) j in (69)(70) verifies:
The two last relations (73) (74) rewrite:
and for edges:
Using as in [BD] , the Maxwell relation on second order derivatives of a potential function:
, we obtain:
. (77) Now, we use the fact that both the C s,ω(t) j , C s+1/2,ω(t) j are (d-1) homogeneous functions with respect to nodal control point positions:
We then get the identities
For the last identity, we need to find an expression for ∇ Mr (77) . We need first to derive the equation (66) with respect to ω s+1/2 (t):
This equation (80) is also equal to
To obtain a formalism of GLACE and associate a direction for the deformation speed, we have the relation:
Now, since the function (81) is a degree 2 homogeneous function of position:
Then multiplying (83) by ω s+1/2 (t) and summing over all edges:
And we recover these two last terms in (77) and using (82), we obtain:
Finally, we obtain the evolution of cell area 
and we recover (67) with:
Remark 6.
• We notice that in (86), the speed associated to the edge deformation in (67)(68), is nothing but:
• We can recover the same result using theC r,ω(t) j formalism replacing
For any of the two schemes (87) or (88), the only problem is now to compute ω (t) for arbitrary conical curve. We have some exact geometrical identities for conic curves: (1) Tangent information (First order): see (6).
(2) Curvature information (Second order):
Where A T (M r , M r+1/2 , M r+1 ) is the simplex area of the three points and κ(M ) the curvature of the conic curve at M.
Proof. For M = (x(q), y(q)) belonging to the curve see (5), we use the relation κ(x(q), y(q)) = x (q)y (q)−x (q)y (q) (x (q) 2 +y (q) 2 ) 3/2 , we have the two following relations:
which imply:
3.1. Particular case: the circle
We use theC r,ω(t) j formalism (see (26)) with q r+1/2 = 1 2 for all edges, and we impose the conic for the edge r + 1/2 to be the (unique) circle passing through
In this particular case, the speed of displacement is given by
and the speed of deformation is given by
Remark 8. Note that l r+1/2 j may be positive or negative depending on the sign of (n r+1/2 j · K r+1/2 S r+1/2 ).
Remark 9. We can express h(ω) in a more compact form as a function of θ (see Figure 3) :
We want to express U def o r+1/2 (t) as a function of U r (t), U r+1 (t) and (l r+1/2 j ) (t).
We have
r+1/2 j , we can express ω r+1/2 (t) as a function of U r (t), U r+1 (t) and (l r+1/2 j ) (t) :
We have ∇ Mr (d r+1/2 ) = n r,r+1/2 and ∇ Mr+1 (d r+1/2 ) = n r+1,r+1/2 , with n r+1,r+1/2 = M r M r+1 ||M r M r+1 || and n r,r+1/2 = M r+1 M r ||M r M r+1 || . Thus: ω r+1/2 (t) = ∂ω r+1/2 ∂d U r (t).n r,r+1/2 + ∂ω r+1/2 ∂d U r+1 (t).n r+1,r+1/2 + ∂ω r+1/2 ∂l (l r+1/2 j ) (t).
Then inserting (97) in (95), we obtain
h (ω r−1/2 (t)) h(ω r−1/2 (t)) l r+1/2 j n r+1/2 j ( ∂ω r+1/2 ∂d U r (t).n r,r+1/2 + ∂ω r+1/2 ∂d U r+1 (t).n r+1,r+1/2 + ∂ω r+1/2 ∂l (l r+1/2 j ) (t)).
Next inserting (98) in (93), we obtain (1 + h (ω r+1/2 (t)) h(ω r+1/2 (t)) ∂ω r+1/2 ∂l l r+1/2 j ). Then noting that d r+1/2 (t) = U r (t).n r,r+1/2 + U r+1 (t).n r+1,r+1/2 , we obtain an expression for the derivative of the curvature as a function of U r (t), U r+1 (t) and (l r+1/2 j ) (t).
Conclusion
In this paper, we have presented an extension of the centered Lagrangian ω-EUCCLHYD scheme to new type of cells whose edges are conicals. We also have proposed a variant where the control points are replaced by points located on the edges excluding the two endpoints. At this stage, the conic segments are not allowed to deform (ω are constant in time). In a second step, by computing the time derivative of the cell volume allowing the deformation of its edges, we have found a vectorial velocity describing this new behaviour. In our case, this edge velocity is uniquely characterized by the scalar parameter ω. Finding an equation for ω(t) is still an opened question but for the special case when the conic segments are circles, by using this formalism, we were able to express ω (t) as a function of the velocities of the two endpoints and the arc midpoint. As a consequence, we have derived an equation for the curvature evolution of the circle segments. Then, we were able to propose an extension of the GLACE scheme to these cells. This new scheme can be seen as an extension of a previous work [GLACE CIRCLE] where ω was kept constant.
Future works
The coding of the last scheme is in progress. Numerical tests will follow. A particular issue will be the symmetry preservation for a one-dimensional polar radial flow. In the context of staggered schemes for cells with circle segments [MARSHA2] , we think that the equation for the curvature evolution can allow to deal with unstructured meshes. In the general case, we think to link the evolution of ω(t) with the deformation tensors at the two endpoints. It leads to an expression of the time derivative of the cell volume in function of nodes not necessarily belonging to it. This work is in progress.
